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Abstract
In a recent paper of Llibre and Rodríguez (J. Differential Equations 198 (2004) 374–380) it is
proved that every conﬁguration of cycles in the plane is realizable (up to homeomorphism) by
a polynomial vector ﬁeld of degree at most 2(n+ r)− 1, where n is the number of cycles and
r the number of primary cycles (a cycle C is primary if there are no other cycles contained in
the bounded region limited by C). In this letter we prove the same theorem by using an easier
construction but with a greater polynomial bound (the vector ﬁeld we construct has degree
at most 4n − 1). By using the same technique we also construct R3 polynomial vector ﬁelds
realizing (up to homeomorphism) any conﬁguration of limit cycles which can be linked and
knotted in R3. This answers a question of R. Sverdlove.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we are interested in R2 vector ﬁelds
X = Pm(x, y)x +Qm(x, y)y, (1)
where the functions Pm(x, y) and Qm(x, y) are polynomials of real variables (x, y)
with real coefﬁcients and degree not higher than m.
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The most important problem concerning planar polynomial vector ﬁelds was proposed
in 1900 by Hilbert [8] (in the second part of his 16th problem) and it consists in ﬁnding
the maximum number of limit cycles for the vector ﬁeld (1) in terms of the degree
m and studying the relative positions of these cycles. Recall that a limit cycle of the
vector ﬁeld (1) is an isolated periodic orbit of this vector ﬁeld.
So far the 16th Hilbert’s problem remains unsolved. It has been proved that the
number of limit cycles of (1) must be ﬁnite [9,5] but even in the easiest case (m = 2)
it remains open to ascertain the maximum number of limit cycles of all quadratic
differential systems.
In this letter we are not interested in the 16th Hilbert’s problem but in the following
inverse problem: given a set C of planar cycles we wish to construct a polynomial
vector ﬁeld X whose limit cycles are exactly the set C (up to homeomorphism).
Let us introduce some previous deﬁnitions in order to specify the problem we are
interested in. We follow here Llibre and Rodríguez [11] who have also studied the
same problem.
Deﬁnition 1. A conﬁguration of cycles is a ﬁnite set C = {C1, . . . , Cn} of simple
planar closed curves such that Ci ∩ Cj = ∅ for all i = j .
Deﬁnition 2. The curve Ci ∈ C is primary if there is no curve Cj ∈ C contained in
the bounded region limited by Ci .
Deﬁnition 3. Two conﬁgurations of cycles C and C′ are equivalent if there is a home-
omorphism H : R2 −→ R2 such that H(C) = C′.
Deﬁnition 4. The vector ﬁeld X realizes the conﬁguration of cycles C if the set of all
limit cycles of X is equivalent to C.
Now the question can be formulated as follows: can we give a constructive method
in order to ﬁnd a polynomial vector ﬁeld X realizing an arbitrary conﬁguration C of
cycles? In [11] Llibre and Rodríguez answer this question afﬁrmatively but their proof
is rather involved (they use the Darbouxian theory of integrability).
In the following section we prove the theorem of Llibre and Rodríguez by a different
and easier method. The advantage of our method is that it can be easily extended to
higher dimension, as we show in Section 3. Another advantage is that we control
the stability of the limit cycles (they are stable) while the limit cycles in Llibre and
Rodríguez’s construction can be stable, semi-stable or unstable, and we have no control
over it. Furthermore, our construction in R2 gives rise to hyperbolic limit cycles and
hence structurally stable under small perturbations of the vector ﬁeld. We are not aware
whether Llibre and Rodríguez’s limit cycles are structurally stable. The disadvantage
is that, in general, the polynomial bound that we obtain is worse than Llibre and
Rodríguez’s.
Our main theorem is the following:
Theorem 1. Let C be a conﬁguration of n cycles. Then we have that C is realizable
(as algebraic, stable and structurally stable limit cycles) by a polynomial vector ﬁeld
X of degree 4n− 1.
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Note that the polynomial bound obtained in [11] is 2(n+ r)−1 and since r1 (r is
the number of primary cycles) our bound is greater than Llibre and Rodríguez’s except
in the case that r = n, that is, when all the cycles are primary.
In Section 3 we prove a theorem analogous to Theorem 1 but in R3. Deﬁnitions 1,
3 and 4 extend naturally to the 3-space. Note that in this case the cycles of C are not
planar and therefore they can be linked among them or even knotted. The theorem is:
Theorem 2. Let C be a conﬁguration of n cycles in R3. Then we have that C is
realizable (as algebraic stable limit cycles) by a non-vanishing polynomial vector ﬁeld
X ∈ R3 of degree high enough.
In the proof of Theorem 2 (Section 3) we give a speciﬁc bound of the degree of X.
As far as we know, this (constructive) result is new in the literature. In fact, a vector
ﬁeld V with a given compact attracting set C is proved to exist in [7] but its construction
implies that the dynamics on C is trivial (all the points in C are zeros of the vector
ﬁeld). Speciﬁcally V is a gradient ﬁeld projecting a tubular neighborhood of C onto C
so it cannot possess any periodic orbits. In general, most of the constructions of vector
ﬁelds with given attracting set that can be found in the literature give rise to trivial
dynamics on the attractor. Furthermore, it is not proved that under homeomorphism of
C this vector ﬁeld can become polynomical.
On the other hand Theorem 2 answers a long-standing question posed by Sverdlove
[14]: what knot types can occur in polynomical systems? The answer is that all knot
types are possible and we give an explicit procedure for constructing a polynomial
vector ﬁeld with a given knotted stable limit cycle.
2. Proof of Theorem 1
In this proof we follow the works of Sverdlove [14], Gascon et al. [6] and Winkel
[16].
Let C be a conﬁguration of n cycles in R2. By applying a homeomorphism H we
can deform these cycles into circles of center (xi, yi) and radius ri :
H(Ci) = {fi(x, y) = (x − xi)2 + (y − yi)2 − r2i = 0}. (2)
Now let us construct the following function:
f (x, y) =
n∏
i=1
fi(x, y), (3)
where f is a polynomial of degree 2n. Since the cycles H(Ci) do not intersect among
them we have that the set {f (x, y) = 0} deﬁnes exactly the conﬁguration H(C). Note
also that (∇f )|f=0 = 0.
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Consider the vector ﬁeld
X = (−fy − ffx)x + (fx − ffy)y, (4)
where the subscripts of f denote partial differentiation with respect to the corresponding
variables. The vector ﬁeld deﬁned in (4) has the following properties:
• X|f=0 = 0.
• f˙ 2 = X(f 2) = −2f 2(f 2x + f 2y )0 and in a neighborhood of H(C) f˙ 2 = 0 only
on f = 0. f 2 is a Lyapunov function and therefore its level sets near the cycles of
H(C) are deformed circles [15]. These facts imply that H(C) is a set of stable limit
cycles of the vector ﬁeld X.
• X does not possess other periodic orbits apart from H(C). Assume that  is a
periodic orbit different from H(Ci) for all i = 1, . . . , n. Since this orbit does not
intersect any of the cycles of H(C) we must have that, for example, f| > 0. We
also require that (∇f )| = 0 in order that X| = 0 (see Eq. (4)). Taking into account
these facts we obtain f˙| < 0 and therefore  cannot be a periodic orbit. This is a
contradiction.
• X is a polynomial vector ﬁeld of degree at most 4n− 1.
Finally let us prove that the limit cycles of the vector ﬁeld X (see Eq. (4)) are
hyperbolic, thus implying that they persist under small perturbations of X. Indeed,
consider the following integral over a limit cycle of X:
 = 1
T
∫ T
0
(divX)|f=0, (5)
where div stands for the standard divergence operator and T is the period of the cycle.
If  = 0 then the limit cycle is hyperbolic [1]. Taking into account Eq. (4) it is
immediate to see that (divX)|f=0 = −(∇f )2, which does not vanish on f = 0, thus
proving the claim.
3. Proof of Theorem 2
In this section we have a conﬁguration C of n cycles in R3. As mentioned in the
introduction these cycles can be untrivial knots and can be linked among them [10].
Assume that the cycles Ci are smooth enough, namely C∞ submanifolds. Since each
component Ci is diffeomorphic to S1 then its normal bundle is trivial [12]. By the well-
known Tognoli’s theorem there always exists a diffeomorphism H : R3 −→ R3 (in fact
a diffeotopy) such that H(C) is an algebraic set and hence an algebraic conﬁguration
of cycles [3], that is, the curves in H(C) are given by
{
fm(x, y, z) = 0,
gm(x, y, z) = 0, (6)
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where fm and gm are polynomials of degree at most m satisfying that
rk(∇fm,∇gm) = 2 (7)
on the cycles of H(C). Note that Tognoli’s theorem guarantees that the set H(C) is
exactly formed by n algebraic cycles (no other compact or non-compact components
appear).
The degree m is in general unknown and it probably depends on the linking and
crossing numbers [10] of the cycles in C. It is evident that, for example, if all the
cycles Ci lie on a certain plane, then m = 2n.
Our main polynomial function in this case is F = f 2m+ g2m whose degree is at most
2m. Note that the conﬁguration H(C) is given by F = 0 and that ∇F = 0 in H(C)
but it is different from zero in a neighborhood of the cycles of H(C). F is therefore
a Lyapunov function and its level sets near the cycles are deformed tori [15].
Let us construct the following vector ﬁeld:
X = ∇fm ∧ ∇gm − F∇F (8)
with ∧ standing for the standard vector product in R3 and ∇ standing for the gradient
operator.
The vector ﬁeld (8) has these properties:
• X|F=0 = 0 since ∇fm and ∇gm are independent on H(C).
• F˙ = −F(∇F)20 and in a neighborhood of H(C) we have that F˙ = 0 only on
the cycles H(C). Since F is a Lyapunov function we conclude that the cycles in the
conﬁguration H(C) are stable limit cycles of X.
• X does not possess other periodic orbits. Assume that  is a periodic orbit of X
which does not belong to H(C). It is immediate that, for example, F| > 0 because
otherwise  would intersect some cycle of H(C). Since X| = 0 it is straightforward
that (∇F)| = 0 because otherwise in a certain point of  the gradients of fm and gm
would be parallel and therefore X would be zero. But these facts yield a contradiction
since we would have a periodic orbit  such that F˙| < 0.
• X is a polynomial vector ﬁeld of degree at most 4m − 1. As mentioned above the
number m does depend on the speciﬁc conﬁguration C. Note the difference with the
planar case in which m is always 2n. This difference is due to the many complex
ways in which the cycles of C can be linked and knotted, this being a particular
property of the 3-dimensional case.
It is interesting to observe that the polynomials fm and gm, deﬁning the vector ﬁeld
X in Eq. (8), can be chosen such that X = 0 in R3. To show this claim note that
for any given link L in R3 there exists a submersion  : R3 → R2 such that the
preimage of the origin −1(0) is L [13]. Whenever the link is algebraic the submersion
 can be chosen to be polynomial, say  = (fm, gm), and hence the rank condition
rk(∇fm,∇gm) = 2 holds in all R3. Since the vector ﬁelds ∇fm, ∇gm and ∇fm∧∇gm
are independent it follows that X = ∇fm ∧ ∇gm − F∇F cannot vanish at any point.
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The construction of this section thus provides an algebraic vector ﬁeld X, X = 0 in
R3, whose set of limit cycles, all of them stable, is given by H(C).
In ending this section we would like to pose the following open problem: are the
limit cycles of the vector ﬁeld (8) structurally stable, as in the 2-dimensional case?
4. Final remarks
In this letter we have proved a recent theorem of Llibre and Rodríguez by using
a very different technique. Our technique is simpler and can be extended to the 3-
dimensional case as was shown in Section 3. On the contrary the polynomial bound
of the vector ﬁeld that we construct is greater than Llibre and Rodríguez’s. Our bound
is therefore not sharp but note that Llibre and Rodríguez’s bound is not either; see the
work of Christopher [4] where polynomial vector ﬁelds of degree at most 2n realizing
a generic class of algebraic limit cycles are constructed.
On the other hand the application of this technique to the 3-dimensional case is, to the
best of our knowledge, new in the literature. We have proved that every conﬁguration
of cycles in R3 can be deformed into an algebraic conﬁguration of cycles that can be
realized as the limit cycles of a 3-dimensional polynomial vector ﬁeld. This answers a
question formulated by Sverdlove [14].
If C is a conﬁguration of smooth cycles in Rn, n > 3, Tognoli’s theorem also guar-
antees the existence of a diffeotopy H : Rn → Rn such that H(C) is an algebraic
set of cycles (note again that the normal bundle of C is trivial [12]). H(C) is ex-
pressed through the polynomials f 1m, . . . , f n−1m of degree at most m as H(C) = {f 1m =
0, . . . , f n−1m = 0}, rk(∇f 1m, . . . ,∇f n−1m ) = n−1 on H(C). Deﬁne now the vector ﬁeld
Xt =
[
 (df 1m ∧ · · · ∧ df n−1m )
]i
,  standing for the Hodge star operator and i standing
for the index raising operator, and the function F = ∑n−1i=1
(
f im
)2
. Proceeding as in
Section 3 it is immediate to prove that the vector ﬁeld X = Xt −F∇F has stable limit
cycles given by the curves in H(C), and it does not possess any other periodic orbits.
Thus X is a polynomial vector ﬁeld (of degree at most max{(n−1)m−(n−1), 4m−1})
realizing the set C of cycles. Since H(C) can be realized as the level set −1(0) of
a polynomial submersion  : Rn → Rn−1 [13] then we obtain that the polynomial
vector ﬁeld X does not vanish in Rn. Note that Miyoshi’s theorem [13] is proved for
codimension 2; anyway, it trivially holds when the set has codimension n − 1 in Rn
(n > 3). Indeed, since the submanifold H(C) can be embedded, through an ambient
diffeomorphism of Rn, into the 3-dimensional hyperplane {x4 = 0, . . . , xn = 0}, one
only has to apply Miyoshi’s theorem on this hyperplane in order to obtain a submersion
(fm, gm) : R3 → R2, and then to extend the submersion to the whole Rn in a trivial
way (fm, gm, x4, . . . , xn).
The degree of this vector ﬁeld and the one constructed in Section 3 is surely not
sharp and it remains open to connect the topological properties of the conﬁguration C
with the degree m, that is, can one give a formula expressing m in terms of the linking
and crossing numbers or other topological numbers related to the conﬁguration C?
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A related question is the 16th Hilbert’s problem in Rn, n > 2, e.g. do there exist
polynomial vector ﬁelds with an inﬁnite number of limit cycles? An example of a 1-
parameter family of polynomial vector ﬁelds in R4, which has ﬁxed (bounded) degree,
and the number of its limit cycles tends to inﬁnity as the parameter  → 0 has
been recently constructed by Bobienski and Zoladek [2], but we are not aware of
examples in the literature of Rn (n3) polynomial vector ﬁelds with inﬁnitely many
limit cycles. Note that the techniques in this paper allow to solve the inverse problem
for a conﬁguration of inﬁnitely many cycles (locally ﬁnite) when the vector ﬁeld X
is only required to be analytic. The fact that an inﬁnite number of algebraic sets is
not algebraic prevents from constructing a polynomial vector ﬁeld, thus suggesting that
new ideas are necessary to tackle this question.
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Note added in proof
The author has only recently been aware of a preprint by A. Ferragut, J. Llibre and
M.A. Teixeira (2005) where examples of polynomial vector ﬁelds in R3 with inﬁnitely
many limit cycles are constructed. As far as we know the inverse problem of construct-
ing R3 polynomial vector ﬁelds realizing any inﬁnite (locally ﬁnite) conﬁguration of
cycles is not solved.
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